In a previous study, we obtained the algebro-geometric solutions and n-dark solitons of Forkas-Lenells (FL) hierarchy using algebrogeometric method. In this paper, we construct physically relevant classes of solutions for FL hierarchy by studying the reality conditions for q = ±r based on the idea of Vinikov's homological basis.
Introduction
The Forkas-Lenells (FL) system [2, 3, 4, 5] q xt − q xx + iqq x r − 2iq x + q = 0, r xt − r xx − iqrr x + 2ir x + r = 0, (0.0.1)
where q, r is a complex-valued function of x and t, has been studied extensively in relation with various aspects such as Lax integrability, bi-Hamiltonian structure, various kinds of exact solutions, etc. [6, 7, 8, 9, 10, 15] . In ref. [15] , we have constructed the FL hierarchy using polynomial recursion formalism, then derived the algebro-geometric solutions of the whole hierarchy and degenerated them into n-dark solitons. To find solutions we go through an intermediate step, a complexified version of FL hierarchy. However, in physical applications, two natural reductions of (0.0.1), the defocusing case, with r = −q, FL − : q xt − q xx − i|q| 2 q x − 2iq x + q = 0, (0.0. 2) and focusing case, with r = q, FL + : q xt − q xx + i|q| 2 q x − 2iq x + q = 0, (0.0. 3) are of interest. Therefore, a natural question arising here is how to derive the solutions of FL from the solutions of (0.0.1). From the modern mathematical point of view, the algebro-geometric solutions of FL ± hierarchy can be more or less solved if the formulas (1.2.26) and (1.2.27) are derived. However, this correspondence is only formal to some extent and needs further analysis about the parameters in the solutions (1.2.26) and (1.2.27). As remark in [1] , the one-soliton of AKNS system, depends on four complex parameters a, b, φ, ψ. It can easily be arranged at the denominator does not vanish, say, for t = 0 and all x ∈ R, but that there are singularities after a finite time t 0 . Hence the AKNS system is not specific enough to prevent solutions from exploding. However, after the reduction r = −q, we arrive at the NLS equation and the one-soliton of NLS is Solution (0.0.7) is smooth without any singularity. The reason why the solution of AKNS system shows different properties with that of NLS equation is obvious: the solutions of AKNS system contains more parameters and hence can be more complicated than those of NLS equation. Therefore, finding useful formulas about parameters in solutions of FL hierarchy is an efficient and important way to obtain the solution of FL ± hierarchy. The application of this idea to the algebro-geometric method can be found in the wonderful works [17] . In [15] we have constructed the algebrogeometric solutions of FL hierarchy using the algebro-geometric method [12] . The basic strategy we shall take is to apply the idea of [17] to [15] and the technique developed in this text seems be available to solve the reality problems of the algebro-geometric solutions of other integrable equations via the algebro-geometric method [12] . Here we should emphasize the work of the authors in [12] . They have discussed the reduction conditions for the algebro-geometric solutions of AKNS hierarchy using Vinikov's basis (for the definition, see Proposition 1.1.1). However, it may be very complicated to depict the Vinikov's basis for a general real curve, although this problem become simple in some special cases (e.g. all the branch points of the spectral curve are real). Moreover, various of path integration in explicit algebrogeometric solutions and the action of holomorphic involution on spectral curve very often involves the specific path, which inevitably connects with the choice of homology basis. Thus, we shall solve the reality problem by using very specific curve and homology basis and every parameter in the finally expressions of solutions is very clear. This is also the biggest difference from 'abstract' Vinikov's basis. This paper is organized as follows. To be self-contained, we give a fundamental discription of real Riemann surface theory and general results about the algebro-geometric solutions of FL hierarchy in section 1. In section 2 we obtain two complementary results, which indicates the information of the algebro-geometric solutions is totally included in the spectal data. Section 3 is the main part of this text and we shall discuss the reality conditions for q = ±r.
Preliminaries
In this section we first recall some basic facts from the theory of symmetric Riemann surfaces [11, 16] and main results in our previous work [15] .
Basic facts on Riemann surface
A Riemann surface K n of genus n is called real if it admits an antiholomorphic involution τ : K n → K n , τ 2 = id| Kn . Let R = {P ∈ K n |τ (P ) = P } be the set of fixed points of τ. The connected components of R are called the real ovals of τ. The number r of the real ovals satisfies the relations 0 ≤ r ≤ n + 1. If r = n + 1, then K n is called an M-curve. Moreover, the set K n \R has either one or two connected components. We call K n is a dividing curve if K n \R has two components and nondividing if K n \R is connected. Obviously, an M-curve is always a dividing curve.
We fix a canonical homology basis {a j , b j } g j=1 on K n in such a way that the intersection matrix of the cycles satisfies
(1.1.1)
Let ω 1 , . . . , ω j be the basis for holomorphic differentials on K n , normalized with respect to the homology basis
and the period matrix
Associated with Γ one defines the period lattice L n in C n by
The Riemann theta function associated with Riemann surface K n and the homology basis {a j , b j } j=1,...,n is given by
where (A, B) = n j=1 A j B j denotes the inner product in C n . Then the Jacobi variety J(K n ) of K n is defined by
and the Abel maps are defined by
and
where Q 0 is a fixed base point and the same path is chosen from Q 0 to P in (1.1.4) and (1.1.5).
Proposition 1.1.1. (Vinnikov, [11] ) There exists a canonical homology basis {a j , b j } n j=1 ("Vinnikov basis") on K n such that the action of τ on the homology group
and H is a block diagnonal n × n matrix defined as follows
, 
(the constant c is independent of Γ, but may dependent on H)
For a Riemann matrix Γ associated with a general homology basis {a j , b j } n j=1 , we have the following result.
Proof. The proof follows from the definition of the function θ(z).
Algebro-geometric solutions of FL hierarchy
In this text, the Forkas-Lenells type nonsingular curve K n [15] reads
where
m=0 ⊂ C\{0}, and n = n + + n − − 1 ∈ N, n + , n − ∈ N 0 . Based on the fundamental Riemann surface theory, K n is compactified by joining two points at infinity P ∞ ± , P ∞ + = P ∞ − , but for notational simplicity the compactification is also denoted by K n . Points P on
are represented as pairs P = (ξ, y(P )), where y(·) is the meromorphic function on K n satisfying F n (ξ, y(P )) = 0.
For convenience we use the notation ξ ± = (ξ, ± 2n+1 m=0 (ξ − E m )) by introducing an appropriate choice of the square root branch. Especially, a branch point P = (ξ, 0) ∈ K n is then denoted by ξ. The complex structure on K n is defined in the usual way by introducing local coordinates
near points Q 0 = (ξ 0 , y(Q 0 )) ∈ K n , which are neither branch nor singular points of K n ; near the points P ∞ ± ∈ K n , the local coordinates are
and similarly at branch and singular points of K n . Hence K n becomes a two-sheeted Riemann surface of topological genus n in a standard manner. The holomorphic differentials η ℓ (P ) on K n are defined by
Associated with K n one introduces an invertible matrix E ∈ GL(n, C)
and the normalized holomorphic differentials
Apparently, the Riemann matrix Γ = (Γ i,j ) is symmetric and has a positivedefinite imaginary part. Let η ∈ C, |η| < min{|E 0 | −1 ,
m=0 E m , and
Similarly, one derives
The Abel differentials Ω (2)
P ∞± ,s−1 of second kind are defined by
where the constants c
j,± , m s j , m s j are determined by the normalization conditions
the solution of the initial problem [15] FL r (q, r) = 0, (q, r)| tr =t 0,r = (
has the form
where we use the abbreviations 2.20) and Ξ Q 0 is the vector of Riemann constants (cf.(A.45) [12] ). Moreover, The Abel map linearizes the auxiliary divisors Dμ (x,tr) , Dν (x,tr) in the sense that
For convenience we denote by
and then (1.2.17), (1.2.18) can be rewritten as (taking (x 0 , t 0,r ) = 0)
(1.2.27)
It should be noticed that the following relation
holds by the equivalence of the divisors D P 0,−ν (x,tr) ∼ D P ∞+μ (x,tr) .
Two results about the spectral data
In this section, we give two results about the spectral data
The first theorem (cf. Theorem 2.0.1) shows any smooth solution in M n,r 0 can be locally and uniquely determined by the spectral data. And the inverse is also true. Therefore, the reality conditions for q = ±r are totally reflected on the spectral parameters. The Theorem 2.0.4 can be regarded as a complementary illustration that all the theta functions appeared in this paper is not identical to zero.
In this text, a function p = p(x, t r ) in two real variables x, t r is called proper at (0, 0) if there exists an open interval Ω ∈ R 2 with (0, 0) ∈ Ω such that p is smooth at all points x ∈ Ω. Keeping n, r fixed, we denote by M n,r all the smooth proper solutions of the Forkas-Lenells initial value problem (1.2.16) at (0, 0). The subset M n,r 0 ⊂ M n,r is a collection of smooth solutions in M n,r such that the polynomials F n (x, t r ; ξ), H n (x, t r ; ξ) in ξ only have simple roots at (x, t r ) = (0, 0), respectively. 
..,n,m=0,...,2n+1 ⇋ {q(x), r(x)} is one to one on I 1 . It suffices to build the relation from the algebro-geometric data {µ j (x 0 ), ν j (x 0 ), E m ; q(x 0 ), r(x 0 )} j=1,...,n,m=0,...,2n+1 to stationary solu-tions q(x), r(x) since another direction is obvious. The Dubrovin-type equations ( [15] , Lemma 3.2)
, j = 1, . . . , n, (2.0.31)
, j = 1, . . . , n, (2.0.32) has a unique solution
Using the trace formulas ( [15] , Theorem 3.3)
one gets q, r has a unique solution
, then we prove this Theorem for stationary case. Analogous to time-dependent case, (2.0.34) and (2.0.35) change to q(x, t r ) =q(0, t r ) exp
In other way, one can prove f ℓ,± (0, t r ), g ℓ,± (0, t r ), h ℓ,± (0, t r ) satisfying the following first order autonomous system f ℓ,±,tr (0, t r ) =F ℓ,± (f j,± (0, t r ), g j,± (0, t r ), h j,± (0, t r )), ℓ = 0, . . . , n ± , g ℓ,±,tr (0, t r ) =G ℓ,± (f j,± (0, t r ), g j,± (0, t r ), h j,± (0, t r )), ℓ = 0, . . . , n ± − δ ± , h ℓ,±,tr (0, t r ) =H ℓ,± (f j,± (0, t r ), g j,± (0, t r ), h j,± (0, t r )), ℓ = 0, . . . , n ± , where F ℓ,± , G ℓ,± , H ℓ,± are polynomials and δ + = 1, δ − = 0. This yields the local smooth solution f ℓ,± (0, t r ), g ℓ,± (0, t r ), f ℓ,± (0, t r ) on some open interval I 2 with 0 ∈ I 2 . Noticing that the Forkas-Lenells hierarchy ( [15] , (2.37)) is equivalent to the following first-order system (taking x = 0 here) in the algebro-geometric background [12] .
Following the methodology of [13] handling (1 + 1)-dimensional discrete model, we shall prove the following results. Theorem 2.0.4. Assume q, r ∈ C ∞ (Ω) on some open set Ω ⊂ R 2 with (0, 0) ⊂ Ω. Let D µ , Dν ,μ = {μ 1 , . . . ,μ n },ν = {ν 1 , . . . ,ν n }, be the pole and zero divisor of degree n, respectively, associated with q, r and φ(·, x, t r ) ∈ K n according to ([15] , (4.16) and (4.17)),
Proof. The divisor Dμ (x,tr) is nonspecial if and only if {μ 1 (x, t r ),· · · ,μ n (x, t r )} contains one pair of {μ j (x, t r ),μ * j (x, t r )}. Hence, Dμ (x,tr) is nonspecial as long as the projection µ j ofμ j are mutually distinct, µ j (x, t r ) = µ k (x, t r ) for j = k. If two or more projection coincide for some (x 0 , t 0,r ) ∈ R 2 , for instance,
then there are two cases in the following associated with µ 0 . (i) µ 0 / ∈ {E 0 , E 1 ,· · · , E 2p+1 }; we have G n (µ 0 , x 0 , t 0,r ) = 0 andμ j 1 (n 0 ), . . . , µ j k (n 0 ) all meet in the same sheet. Hence no special divisor can arise in this manner.
(ii)µ 0 ∈ {E 0 , E 1 ,· · · , E 2p+1 }; We assume µ 0 = E 0 without loss of generality. One concludes F n (µ 0 , x 0 , t 0,r ) =
This conclusion contradict with the hypothesis (1.2.1) that the curve is nonsingular. As a result, we have k = 1 andμ j , j = 1, . . . , n are pairwise distinct. Then we have completed the proof.
Reality conditions for q = ±r
The solution (1.2.23), (1.2.24), which does not involve a specific basis of cycles, did not lead to a expression for the reality condition. As we know now, a formula for the reality condition can only be written in a very specific basis. In this section, we impose some constraints on K n and then study the parameters in the algebro-geometric solutions of FL hierarchy. First we consider the simplest case that all the the branch points {E m } 2n+1 m=0
of K n are real, that is,
and {E m } 2n+1 m=0 are ordered such that whereξ,ȳ is the complex conjugate of ξ, y ∈ C, respectively. Here we choose the square root in
Moreover, the homology basis is explicitly shown in Figure 1 .
Figure 1: Homology basis on the real curves K 1 n , contours on sheet 1 are solid, contours on sheet 2 are dashed a 1 O a n−1 a 2 a n−2 a n
The path from P 0,+ to P 0,− , Q 0 is the nearest branch point whose projection to ξ-sphere has the minimal distance to the point 0
Obviously, the involution τ 1 transforms the homology {a j , b j } n j=1 as follows:
In other way, the real ovals of K 1 n w.r.t τ 1 has n + 1 components whose projection to CP 1 are
and hence K 1 n is an M -curve. This turns out that H = 0 in Proposition 1.1.1. Therefore, the homology depicted in Figure 1 satisfies the condition of Proposition 1.1.1. Furthermore, the properties of Riemann theta function in Proposition 1.1.2 holds w.r.t the homology in Figure 1 .
Next we consider the action τ 1 on the Abel differentials. Let τ * 1 ω j be the action of τ 1 lifted to the holomorphic differentials, τ * 1 ω j (P ) = ω j (τ 1 P ), (3.0.49) and the definitions for the Abel differentials of the second kind and third kind are similar. The normalization condition (1.2.4) indicates
and therefore
Therefore, by the uniqueness theorem for holomorphic Abel differentials of first kind, τ * 1 ω j = ω j , j = 1, . . . , n and Γ = −Γ. To be more exactly, the k-th column vector of the matrix Γ
where β k is an oriented curve from E 2k−1 (k = 1, . . . , n + 1) to E 0 . One easily proves τ * 1 η j = η j , j = 1, . . . , n, from which it follows c j (ℓ) ∈ R, j, ℓ = 1, . . . , n. Due to the normalization conditions (1.2.8) and (1.2.9), one easily finds c (2s−1) j,± ,c (2s−1) j,± ∈ R. Therefore, the action of τ on Ω (2)
P 0,± ,2s−1 = Ω
P 0,± ,2s−1 . (3.0.55) Figure 2) as the base point of the Abel map and then the following lemma describes the properties of the parameters with respect to the constraint (K 1 n ,τ 1 ). Theorem 3.0.5. Assume the algebro-geometric solution {q, r} ∈ M n,r 0 (see (1.2.26), (1.2.27)) and let {μ j (0, 0), E m ; q(0, 0)} be the spectral data associated with q, r. In particular, the divisor Dμ 
Under the constraint (3.0.56), the initial value q(0, 0) is not arbitrary and should be taken as the form where ϑ ∈ R is an arbitrary but fixed constant. Finally, the algebro-geometric solutions of F L + hierarchy is given by
(3.0.58)
Proof. In ref. [15] (cf. Theorem 5.1), we have proved the j-th components V j , W j of vectors V, W are explicitly written as
and hence one gets V = −V, W = −W. Choose the integration paths γ ± from Q 0 to the point P near near P 0,± , which do not intersect the cycles a j (see Figure 2 ) and one finds Ω 0,± r = lim
Here we use γ ± is invariant with respect to the action τ 1 , i.e. τ (γ ± ) = γ ± .
The statement e 0,± = e 0,± is also true by using the similar procedure. It should be also noticed, although we won't use it right now, that Ξ Q 0 is half-period, that is,
Combining (1.1.7) with (3.0.62) then yields
According to the integration path between P 0,± described in Figure 2 , the parameter T satisfies T = T. Using above analysis about V,W,T, Ω 0,± r , e 0,± and Proposition 1.1.2, one finds the condition q(x, t r ) =r(x, t r ) is equivalent to
(3.0.64)
Then we get
. for some m, n ∈ Z n and hence (3.0.65) changes to
where we used the quasi-periodic property of Riemann theta function:
The equality ( To prove this conclusion, we first look at the distribution of the branch points E m , m = 0, . . . , 2n + 1 on the line. By the condition P 0,± = (0, ± 1 4 ) ∈ K 1 n , one infers the number of branch points in positive real axis is even. Then using (3.0.52) and (3.0.53) we find the imaginary part of Q is of the type k 2 Γ, k ∈ Z n . However, the solvability of (3.0.70) requires k=0, i.e. E m < 0, m = 0, . . . , 2n + 1, which indicates (3.0.71). Therefore, (3.0.56) holds by relations (3.0.69)-(3.0.71). Finally, expression (3.0.58) is the direct result of (1.2.26), (3.0.57).
Remark 3.0.6. The strategy in Theorem 3.0.5 is invalid when applied to analyze the reality condition for q = −r. In fact, in this case (3.0.67) changes to
which is meaningless.
Next we consider the smoothness condition for the algebro-geometric solutions (3.0.58) of F L + hierarchy constructed from (3.0.56) and (3.0.57). 
where n χ ∈ Z, n χ ≤ n, is the degree of the divisor D such that α Q 0 (D) = χ. Then by [11] (Corollary 4.3), the solution (3.0.58) is smooth if and only if Z + Vx + Wt r ∈ iR n and hence Z ∈ iR n . We complete the proof.
Next we shall consider the reality condition for q = −r. In this case, we assume all the branch points E m , m = 0, . . . , 2n + 1 of K n are pairwise conjugate. The antiholomorphic involution is still defined by (3.0.47) on K n and the homology basis is explicitly shown in Figure 3 .
To avoid confusion we denote by K 2 n the curve K n with pairwise distinct branch points. It is easy to see that the holomorphic involution τ 1 transforms the homology {a j , b j } n j=1 on K 2 n as follows: Figure 3 : Homology basis on the real curves K 2 n , contours on sheet 1 are solid, contours on sheet 2 are dashed Figure 4 : γ 0 is a path from P 0,− to P 0,+ and a k is a cycle around the branch cut whose projection to ξ-sphere has negative real part and the minimal distance to 0 one gets τ * 1 η k = η k , k = 1, . . . , n. In analogy to the process (3.0.50), the conditions (1.1.2) and (3.0.72) lead to
Then it follows c j (ℓ) ∈ iR, j, ℓ = 1, . . . , n by (1.2.4). Using (3.0.72), (3.0.73), one finds
or equivalently, ∈ iR and hence the action of τ 1 on Ω
(2)
P 0,± ,2s−1 . 
and in this constraint, the initial value q(0, 0) is not arbitrary and should be taken as the form
where ϕ ∈ R is an arbitrary but fixed constant. Finally, the algebro-geometric solutions of F L − hierarchy is given by
Proof. For the components of V, W we get and similarly W j = W j , j = 1, . . . , n. To determine value of the constant T let us choose a specific path γ 0 from P 0,− to P 0,+ which is shown in Figure  4 . It is easy to see that the holomorphic involution τ 1 acts on the contour γ 0 as follows, τ 1 (γ 0 ) = γ 0 + a k + γ 1 , 
